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SIGN OF A SYMMETRIC MATRIX OR ITS QUADRATIC FORM 

 

According to the sign of the results of a quadratic form , these are classified 

in the following way.   

• We say that  is positive semidefinite if  for any .  

• We say that  is positive definite if  for any .  

• We say that  is negative semidefinite if  for any .  

• We say that  is negative definite if  for any .  

• We say that  is indefinite or has any sign if it takes both positive and negative 

values, i.e.  for a certain , and  for a certain 

. 

Method of eigenvalues to analyze the sign of a quadratic form 

Let  be the eigenvalues of a symmetric matrix . The following 

holds true: 

1.  is positive definite if and only if , i.e., all the 

eigenvalues are positive.  

2.  is positive semidefinite if and only if  and there exists 

an eigenvalue , i.e. if all the eigenvalues are positive and there exists a null 

eigenvalue. 

3.  is negative definite if and only if , i.e. all the 

eigenvalues are negative.  

4.  is negative semidefinite if and only if  and there exists 

an eigenvalue , i.e. if all the eigenvalues are negative and there exists a null 

eigenvalue. 

5.  is indefinite if and only if there exists an eigenvalue  and an eigenvalue 

, i.e. if there exists a positive eigenvalue and a negative eigenvalue. 
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Definition. Given a symmetric matrix  , 

   

the following succession of determinants are defined as the first minors of : 

  

Method of first minors to analyze the sign of a quadratic form 

Let  be a quadratic form,  its associated matrix and  the 

first minors of . 

1.  is positive definite if and only if all the first minors are greater than 0:

.  

2.  is positive semidefinite if and only if all the first minors are greater than 0 

except for the last one, which is equal to 0:   
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3.  is negative definite if and only if the first minors change sign alternately starting 

from negative: . Another way of looking at it is that the 

odd order minors must be negative and the even order minors must be positive.   

4.  is negative semidefinite if and only if the first minors change sign alternately 

starting from negative (i.e. the odd order minors are negative and the even order 

minors are positive) and the last minor is 0:  .  

5. If none of paragraphs (1)-(4) is fulfilled and in addition , then  is 

indefinite.  

6. If none of paragraphs (1)-(4) is fulfilled and in addition  but all the 

preceding minors are different from 0, then  is indefinite. 

7. If none of paragraphs (1)-(6) is fulfilled, then this method cannot be used to study 

the sign of the matrix. The eigenvalues method must be used for it. 


